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Abstract— This paper presents a design procedure for a digital 
Proportional-Resonant (PR) current controller in a Grid 
Connected Inverter (GCI). The procedure describes a systematic 
list of how to compute the proportional and resonant gains as well 
as the coefficients for the digital resonant path. The main 
contribution of the design procedure is to facilitate and to support 
researchers who are designing GCI with current control strategies 
in a digital environment. The paper also presents a frequency 
domain analysis of a designed digital PR controller. The fictitious 
w-domain is used in such analysis. A case study shows the efficacy 
of GCI with a digital PR current controller designed based on the 
proposed procedure. Later, the paper discusses that the proposed 
procedure is valid also for digital PR controller with multiple 
resonant paths. 

Keywords—current control; DC-AC power converters; inverters; 
notch filters; proportional-resonant controller. 

I.  INTRODUCTION  

DC-AC converters with output filter are a dominant and an 
indispensable technology for connecting Renewable Energy 
Sources (RES) to the electric grid. The converter allows energy 
transaction between the RES and the grid in a suited, safety and 
reliable manner. Such kind of DC-AC converter is familiarly 
known as Grid Connected Inverters (GCI) or even Grid-tied 
Inverters. 

GCIs are controlled in voltage or current mode. The current-
controlled GCI is an attractive choice because its operation is not 
strongly dependent on the grid impedance as occurs in voltage-
controlled GCI [1]. Additionally, a GCI with the current 
controller can offer overcurrent protection without additional 
effort.  

A boundless number of control strategies have been 
developed with employing current controller for single-phase 
GCI. Some of the most common is the modified PI [2], [3], lead-
lag [4], dead-beat [5], repetitive [6], [7] and Proportional-

Resonant (PR) controller [8]–[12], each one with its features, 
advantages, and drawbacks.  

The PR controller is gaining special attention due to its 
simplicity and modularity. Once the PR controller is defined as 
a proportional gain added to a resonant path tuned at a frequency 
of interest, other resonant paths are easily added to the PR 
controller without the need to redesign the original controller.   

Indeed, GCI with PR controller is commonly found in the 
literature. Some of them describe the procedure to design the PR 
controller [13]–[15]. All of these researches have their 
legitimacy, and they show the PR efficacy. However, most of 
them describe their procedure presenting the PR controller in 
continuous-time style while the majority of GCI applications 
involves digital implementation. In this case, it falls to the reader 
the burden to find out how to employ the PR controller digitally.  

In this context, this paper presents a design procedure for a 
digital PR current controller applied to a GCI. The procedure 
describes a step-by-step method to compute the proportional and 
resonant gains, as well the coefficients for the resonant path. The 
main contribution is to facilitate and to support researchers who 
are designing GCI with current control strategies in a digital 
environment. The paper also presents a frequency domain 
analysis of a digital PR controller. The fictitious w-domain is 
used in such analysis. A case study shows the efficacy of GCI 
with a digital PR current controller designed using the proposed 
procedure. Later, the paper discusses that the proposed 
procedure is valid also for multiple resonant path PR controllers.  

II. SYSTEM DESCRIPTION 

Fig. 1 presents a single-phase GCI as well as the block 
diagram of the control strategy. The inverter is connected to the 
grid through an inductor (L). Rinv represents the inductor winding 
resistance. The grid is represented by the sinusoidal voltage 
source and by a line impedance (Rg and Lg). The inverter output 
current and the grid voltage are sensed, and the measured signals 
are sent to the control block. 
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302257/2015-2) and São Paulo Research Foundation – FAPESP (grant
2016/08645-9). 
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Fig. 1. Single-phase GCI as well as the block diagram of the control strategy 

 The inverter output current is compared to the reference 
signal, resulting in the error signal which passes through the 
digital PR controller. The PR output signal acts in the inverter 
via a PWM modulator. The modulator has a carrier with 
amplitude equals one. The reference is a sinusoidal signal 
synchronized with the grid voltage, that’s the reason why the 
voltage is sensed and sent to the diagram. The synchronization 
is guaranteed by a Phase-Locked Loop [16] not shown in this 
figure. The time constant of the current control loop is much 
longer than the time delay of the PWM. Therefore, the delay 
caused by the PWM can be neglected without compromising the 
current controller design [17].  

III. DESIGN PROCEDURE FOR THE DIGITAL PR CONTROLLER 

The digital PR controller in Fig. 1 consists of a proportional 
gain (kp) added to a resonant path. The resonant path consists of 
the resonant gain (ki) and the resonant filter, which is described 
by a z-domain transfer function Hr(z) and it is given by (1).   
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Where bk and ak are real constants. 

The resonant filter is also known as Notch Filter. Throughout 
this paper, the term resonant filter will be used. Therefore, the 
design of a digital PR controller falls in obtaining the values of 
kp, ki, a0, a1, a2, b0, b1, and b2. The design procedure presented in 
this section is valid for the half-bridge inverter shown in Fig. 1. 
However, this procedure is also valid for the full-bridge inverter 
and three-phase inverter. For the three-phase inverter, it is 
enough to replicate the designed PR controller to the other 
phases.  

A. 1st step: knowing the system parameters 

The first step to design a digital PR controller is to know, or 
to define, the system parameter. Tab. I shows the parameters, 
System Parameters their label and their units that the designer  

TABLE I.  SYSTEM PARAMENTERS 

Parameter Variable Unit 

Inverter Output Filter Inductance invL   H 

Inverter Output Filter Resistance invR   Ω 

Total Inverter DC-Link Voltage dcV   V 

Switching Frequency swf   Hz 

Current Sensor Gain iH   A/A 

Inverter Nominal Power invP   W 

Sampling Frequency af   Hz 

Sampling Angular Freqency 2a afω π=   rad/s 

Sampling Period 1
a

a
T f=   s 

Peak Voltage of the Grid pV   V 

Grid Frequency gf   Hz 

Grid Angular Frequency 2g gfω π=  rad/s 

 

must know beforehand. The variable names are those shown in 
Fig. 1. 

2sd step: defining the desired PR parameters 

Tab. II shows the parameters that must be defined as well as 
their variable and units. The most important parameter to define 
is the resonant frequency, which is the frequency in which the 
controller will act to reach zero steady-state error.  

B. 3rd step: computing the proportional and resonant gains 

The proportional (kp) and the resonant (ki) gains of the PR 
controller are calculated according to (2) and (3) [18], 
respectively. Notice that the resonant angular frequency appears 
in the equations and the total DC-link voltage is divided by two 
due to the inverter half-bridge topology. 
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TABLE II.  DERSIRED PR PARAMETERS 

Parameter Variable Unit 

Resonant Frequency rf   Hz 

Resonant Angular Frequency 2r rfω π=   rad/s 

Resonant Bandwidth sB   Hz 

Resonant Angular Bandwidth 2r sB Bπ=   rad/s 

Damping Factor ξ   - 
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C. 4th step: computing the resonant filter constants 

The fourth step consists in computing the coefficients a0, a1, 
a2, b0, b1 and b2 of the z-domain transfer function. These 
coefficients can be obtained by applying the Z-transform into the 
transfer function of an s-domain analog resonant filter, given by 
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Where kr is the resonant gain.  

Applying the Z-transform through Backward-Euler 
approximation [19] in (4) results in the digital resonant filter, 
given by 
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Thus, the coefficients of the resonant filter are given by the 
following expressions: 
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Where C is a constant defined by 
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Notice that the a0 is intentionally defined as 1 to allow 
writing the z-domain transfer function shown in (1) as a 
difference equation given by 

 
( ) ( ) ( ) ( )

( ) ( )
0 1 2

1 2

1 2

          1 2

y n b u n b u n b u n

a y n a y n

= + − + −

− − + −  
  (13) 

Where y(n) and x(n) are the output and input of the resonant 
filter, respectively. This step is one of the main contribution of 
this paper. It allows the designer to compute the coefficients of 
the resonant filter only by defining the desired frequency 
response of a filter in s-domain. Later, equations (6) to (12) give 
the coefficients for digital implementation.  

IV. CASE STUDY 

A case study is conducted to design a digital PR current 
controller using the procedure mentioned above and to 
implement it in a GCI as shown in Fig. 1. Tab. III presents the 
parameters. The resonant gain for the analog filter kr was chosen 
to one because the resonant gain of the digital PR controller is 
computed separately by (3) and implemented separately as 
shown in Fig. 1. Tab. IV presents the parameters for the designed 
digital PR controller. All values obtained must have at least 
twelve decimal places for better accuracy.   

TABLE III.  PARAMETERS VALUES IN THE CASE STUDY 

Parameter Variable Value 

Total Inverter DC-Link Voltage dcV   450 V 

Inverter Output Filter Resistance invR   0.5 mΩ 

Inverter Output Filter Inductance invL  10 mH 

Switching Frequency swf   30 kHz 

Current Sensor Gain iH   0.1 A/A 

Inverter Nominal Power invP   1500 W 

Sampling Frequency af   30 kHz 

Sampling Angular Freqency 2a afω π=   1.88x105 rad/s 

Sampling Period 1
a

a
T f=   33.333 µs 

Peak Voltage of the Grid pV   180 V 

Grid Frequency gf   60 Hz 

Grid Angular Frequency 2g gfω π=  377 rad/s 

Grid inductance Lg 100 uH 

Grid resistance Rg 0.1 mΩ 

Resonant Frequency rf   60 Hz 

Resonant Angular Frequency 2r rfω π=   377 rad/s 

Resonant Bandwidth sB   1.5 Hz 

Resonant Angular Bandwidth 2r sB Bπ=   10.053 rad/s 

Damping Factor ξ   0.95 

Resonant Gain for the Analog Filter rk   1 



 
 

TABLE IV.  DESGNED DIGTAL PR CONTROLLER 

Parameter Variable Value 

Proportional Gain pk   0.827435088694 

Resonant Gain ik   234.028059558631 

B0 coefficient 0b   43.14159265359 10x −   

B1 coefficient 1b   4-3.141344635858 10x −  

B2 coefficient 2b   0 

A0 coefficient 0a   1 

A1 coeffiecient  1a   -1.999528003287 

A2 coefficient  2a   0.999685890077 

 

To numerically verify the accuracy of the design PR 
controller and its frequency response, the case study uses the 
fictitious w-domain [19] with a fictitious w-plane. The w-domain 
is a tool that allows analyzing systems in z-domain through 
frequency charts similar to those found in s-domain. All features 
found in the frequency domain is valid for the z-plane mapped 
into w-plane, except for high frequencies. The transformation 
from z-plane to w-plane occurs by applying the w-transformation 
given by 
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The frequency of the w-plane is related to the frequency of 
the s-plane through the following relationship 
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Where v and ω  are the frequency in w and s planes, 
respectively.  

The resonant filter of the PR controller, described by Hr(z),  
is initially analyzed. Therefore, the designed resonant filter is 
mapped into the w-plane according to  
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Once the designed resonant filter is in w-plane, the 
magnitude and argument functions are given by (17) and (18), 
respectively.  

 ( ) ( )20 logHr rMag v H w=   (17) 

 ( ) ( )argHr rPhase v H w=      (18) 

 Fig. 2 presents the magnitude response in w-domain of the 
designed resonant filter. Only at 60 Hz the gain is equal to 0 dB, 
showing the efficacy of the designed resonant filter. This chart 
shows that only the component at 60 Hz of the error is multiplied 
by one. All other components are attenuated considerably. 
Notice that the resonant filter does not include  

 

Fig. 2. Magnitude response in w-domain of the designed resonant filter. 

 

Fig. 3. Phase response in w-domain of the designed resonant filter. 

the resonant gain computed in the third step of the design 
procedure. 

Fig. 3 presents the phase response in w-plane of the resonant 
filter. The phase suffers a 180 degrees shift at the resonance due 
to the poles of the transfer function. 

The transfer function, which describes the PR controller, is 
given by 
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Similarly, the z-domain PR controller transfer function can 
be mapped into the w-domain. Thus, the PR controller transfer 
function is given by 
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The magnitude and argument functions are given by (21) and 
(22), respectively.  

 ( ) ( )20 logTFPR PRMag v TF w=   (21) 

 ( ) ( )argTFPR PRPhase v TF w=      (22) 

 Fig. 4 presents the magnitude response of the designed PR 
controller. The highest amplification occurs at 60 Hz. The gain 
at this frequency is equal to 47.414 dB corresponding closely to 
the computed resonant gain.  
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Fig. 4. The magnitude response of the designed PR controller. 

 

Fig. 5. The phase response of the designed PR controller. 

Fig. 5 presents the phase response of the designed PR 
controller. The phase is zero for low and high frequencies, and 
it suffers the same phase-shift found in the resonant filter. 

Fig. 6 presents the inverter output current (iinv) and its 
reference signal reference (iinv*) during a step from the null 
current to a sinusoidal waveform. The PR controller makes the 
output current to follow its reference with negligible steady-state 
error, as will be plotted later. During the transient period, the PR 
controller responds rapidly and does not make the inverter 
output current to present highly oscillatory behavior.  

Fig. 7 presents inverter output current (iinv) and its reference 
(iinv*) during a reference step-up, as well as a zoom during the 
transient. Similar to the previous case, the PR controller 
responds slightly fast and without making a high oscillatory 
behavior in the inverter output current. Similar behavior is 
obtained for a step-down reference change.  

Fig. 8 presents the inverter output current (iinv) and its 
reference (iinv*) during a step from sinusoidal waveform to a null 
reference. The PR controller makes the inverter output current 
to reach null current in a few milliseconds.  

Fig. 9 presents the error (e) and resonant filter output (hr) 
signals in steady-state condition. The error signal is noisily, and 
it contains a high harmonic content. The presence of harmonics 
is mainly due to the PWM and non-modeled elements. The y-
axis of the error signal presents low values, indicating that the 
error is negligible. 

The resonant filter output (hr) is a pure sinusoidal waveform 
at 60 Hz, indicating the efficacy of the designed resonant filter.  

 

Fig. 6. Inverter output current (iinv) and its signal reference (iinv*) during a step 
from null current to a sinusoidal waveform. 

 

Fig. 7. Inverter output current (iinv) and its signal reference (iinv*) during a 
reference step-up as well as a zoom during the transient. 

 

Fig. 8. Inverter output current (iinv) and its signal reference (iinv*) during a step 
from sinusoidal waveform to a null reference. 
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Fig. 9. The error (e) and resonant filter output (hr) signals during a steady-
state condition 

 

Fig. 10. The harmonic content of the error (e) and resonant filter output (hr) 
signals. 

It is important to highlight that, and according to Fig. 1, the 
error is the input signal of the resonant filter. Therefore, the 

resonant filter is extracting only the 60 Hz component of the 
error signal, as showed in Fig. 10. The Total Harmonic  

 

Fig. 11. The inverter output current (iinv), its signal reference (iinv*) and the grid 
voltage (vg divided by 5) during a 180-degree reference change. 

Distortion (THD) of the error signal is 40.7% while the THD of 
the resonant filter output signal is 0.4%. The THDs were 
calculated in 20 cycles with 60 Hz fixed-frequency and 30 kHz 
as the sampling frequency. The resonant output signal is later 
amplified by the designed resonant gain (ki). 

Fig. 11 presents the inverter output current (iinv), its reference 
(iinv*) and the grid voltage (vg divided by 5) during a 180-degree 
reference change. A zoom during the change is also presented. 
The PR controller makes the inverter output current to follow its 
reference with negligible steady-state error, indicating that the 
design procedure is valid for a GCI injecting or draining current 
from the grid, knowing that the GCI DC source can receive 
energy. The synchronization is also observed in this result.  

Fig. 12 presents the output signal of the PR controller output 
signal (c) and the error signal (e) during the 180-degree 
reference change. The main point to be highlighted here is that 
the PR controller output signal is always lower than one. Since 
the PWM has carrier amplitude equals one, the designed PR 
controller does not reach saturation during steady-state and 
transient periods.  

V. DISCUSSION  

The procedure for designing a digital PR current controller 
is applied when the reference signal of the inverter output 
current is a sinusoidal waveform at a frequency of interest. Thus, 
the PR controller acts at such a frequency, ensuring negligible 
steady-state error in the controlled variable. However, it is 
common to use a reference signal that is created by summing 
two or more sinusoidal waveforms each one with its frequency. 
An example is a GCI that works as a Multifunctional Renewable 
Energy Device (RED) [20]–[22]. These devices perform their 
basic function, which is to transfer energy from the primary DC 
source to the grid and inject harmonic currents to act as an active 
filter. In this case, the reference signal is the sum of the 
fundamental component and some harmonic components, like 
the 3rd, 5th and 7th. Therefore, the PR current controller must  
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Fig. 12. The output signal of the PR controller (c), and the error signal (e) 
during the 180-degree reference change.    

 

Fig. 13. PR current controller with n-resonant paths. 

assure zero steady-state error in these components. To do that, 
additional resonant paths are designed. Even though the design 
procedure considers a single-frequency reference, it is easily 
expanded for a reference signal having more than one frequency. 

 Fig. 13 shows a PR current controller with n-resonant paths, 
each one with its resonant frequency and gain. To use the design 
procedure for multiple resonant paths, it’s enough to perform the 
procedure individually for each resonant frequency of interest. 
Since (2) and (3) compute the PR proportional and resonant 
gains taking into account the resonant frequency, the 
proportional gain for PR with multiple paths must be summed. 
This is the reason why Fig. 13 shows the summation of 
proportional gains.  

For the sake of illustration, the design procedure was 
computed individually for 60 Hz, and 300 Hz and the results 
were combined, forming a structure similar to that of Fig. 13. 
Fig. 14 presents the magnitude response of the designed 
combined resonant paths. The resonant frequencies of 60 and 

 

Fig. 14. The magnitude response of the designed combined resonant paths. 

 

Fig. 15. The phase response of the designed combined resonant paths. 

 

Fig. 16. Inverter output current (iinv) and its signal reference (iinv*) during a 
reference step-up 

300 Hz are those that the gain is unity or close to it.  

Fig. 15 presents the phase response of the designed 
combined resonant paths where the resonant frequencies are 60 
Hz and 300 Hz. It occurs two 180-degree phase shift, one at 60 
Hz and another at 300 Hz. 

Fig. 16 presents the inverter output current (iinv) and its 
reference (iinv*) during a reference step-up, as well as a zoom 
during the transient. The reference signal is the sum of two 
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sinusoidal waveforms, one at 60 Hz and the other at 300 Hz and 
amplitude equals do 0 dB. The inverter output current follows 
its reference with a negligible steady-state error. The transient 
does not present an abnormal situation. Therefore, the digital PR 
controller with two resonant paths designed computing 
individually the procedure has shown an efficient result.  

Another concern of employing PR controller is frequency 
detuning. This happens when the grid voltage suffers variation 
on the value of its fundamental frequency. At a first glance, the 
PR controller would not be able to make the output current to 
follow the signal reference with negligible steady-state error. 
However, due to the bandwidth of the PR controller, it can 
operate in frequencies around the tuned frequency with 
satisfactory response. The PLL also plays an important role in 
assuring that the reference keeps synchronized with the new 
value of the grid fundamental frequency. A simulation has been 
performed with fundamental frequency at 59.5 Hz. The results 
did not present meaningful differences over those of Section IV.  

CONCLUSIONS  

This paper presented a design procedure for a digital PR 
current controller in a GCI.  The procedure consisted of a 
systematic list of how to compute the proportional and resonant 
gains as well the coefficients for the digital resonant path. After 
designing a PR current controller based on the proposed 
procedure, the paper presented a frequency domain analysis in 
the fictitious w-domain, showing that the proposed procedure is 
satisfactory for GCI in current-controlled mode. A case study as 
well as a discussion demonstrated the efficacy of the design 
procedure, making it an attractive tool for practical engineering. 
A prototype is under development to verify the proposed design 
procedure experimentally. Experimental results will be 
presented in a future opportunity. The simulation files used in 
this paper will be freely available on the author’s webpage 
http://busarello.prof.ufsc.br. 
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